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Abstract 


In this paper, we consider the almost periodic dynamics of a multispecies Lotka- 
Volterra mutualism system with time varying delays on time scales. By establishing 
some dynamic inequalities on time scales, a permanence result for the model is obtained. 
Furthermore, by means of the almost periodic functional hull theory on time scales and 
Lyapunov functional, some criteria are obtained for the existence, uniqueness and global 
attractivity of almost periodic solutions of the model. Our results complement and 
extend some scientific work in recent years. Finally, an example is given to illustrate 
the main results. 
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1 Introduction 

Recently, there are many scholars concerning with the dynamics of the mutualism model. 
Topics such as permanence, global attractivity, and periodicity of mutualism systems governed 
by differential equations were extensively investigated (see[1-10]). For example, in [TO] , the 
author studied the existence of positive periodic solutions of the periodic mutualism model: 



ri(t)xi(t - 0 i(t)) 


r 2 (t)x 2 (t - a 2 {t)) 


( 1 . 1 ) 


*This work is supported by the National Natural Sciences Foundation of People’s Republic of China under 


Grant 11361072. 


+The corresponding author. Email: yklie@ynu.edu.cn. 


1 









where r^K^on G C(M,M + ), cq > K i} i = 1,2, Tj,cq G C(R, M + ),i = 1,2, r,, K u a h t u a t (i = 
1, 2) are functions of period u> > 0. 

However, in applications, if the various constituent components of the temporally nonuni¬ 
form environment is with incommensurable periods, then one has to consider the environment 
to be almost periodic since there is no a priori reason to expect the existence of periodic so¬ 
lutions. Hence, if we consider the effects of the environmental factors, almost periodicity 
is sometimes more realistic and more general than periodicity. In recent years, the almost 
periodic solution of the models in biological populations has been studied extensively (see 
[11-18] and the references cited therein). In addition, some recent attention was on the per¬ 
manence and global stability of discrete mutualism system, and many excellent results have 
been derived (see [19-24]). In [24], the authors considered the following discrete multispecies 
Lotka-Volterra mutualism system: 


Xi(k+1) = Xi(k)explai(k) ~b i (k)x i (k)+ ^ c^k) 


Xj(k ) 




dij + Xj(k) 


. *= 1 , 2 ,..., ( 1 . 2 ) 


where Xi(k) stand for the densities of species ay at the kth generation, a.i{k) represent the 
natural growth rates of species ay at the kth generation, bi(k) are the intraspecific effects of 
the kth generation of species ay on own population, Cij(k ) measure the interspecific mutualism 
effects of the kth generation of species Xj on species ay (i, j = 1,2, ... ,n,i ^ j), and dij{> 1) 
are positive control constants. By means of the theory of difference inequality and Lyapunov 
function, sufficient conditions are established for the existence and uniformly asymptotic 
stability of unique positive almost periodic solution to system (11.21) . 

Furthermore, so many processes, both natural and manmade, in biology, medicine, chem¬ 
istry, physics, engineering, economics, etc. involve time delays. Time delays occur so often so 
if we ignore them, we ignore reality. Generally, the meaning of time delay is that some time 
elapses between causes and their effects (for instance, in population dynamics, individuals al¬ 
ways need some time to mature, or in medicine, infectious diseases have incubation periods). 
Specially, in the real world, the delays in differential equations of biological phenomena are 
usually time-varying. Thus, it is worthwhile continuing to study the existence and stability of 
a unique almost periodic solution of the multispecies Lotka-Volterra mutualism system with 
time varying delays. 

Since permanence is one of the most important topics on the study of population dynamics, 
one of the most interesting questions in mathematical biology concerns the survival of species 
in ecological models. Biologically, when a system of interacting species is persistent in a 
suitable sense, it means that all the species survive in the long term. It is reasonable to ask 
for conditions under which the system is permanent. 

Also, as we known, the study of dynamical systems on time scales is now an active area 
of research. The theory of times scales has received a lot of attention which was introduced 
by Stefan Hilger in his Ph.D. thesis in 1988, providing a rich theory that unifies and extends 
continuous and discrete analysis [25]. In fact, both continuous and discrete systems are very 
important in implementation and applications. But it is troublesome to study the dynamics 
for continuous and discrete systems respectively. Therefore, it is significate to study that on 
time scales which can unify the continuous and discrete situations. 
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Motivated by the above reasons, in this paper, we are concerned with the following mul¬ 
tispecies Lotka-Volterra mutualism system with time varying delays on time scales: 


xf(t) = di(t ) - bi(t)e Xi{t Ti(t)) + ^ dj(t )- 


0 Xj(t-Sj(t)) 


dij + e^-'hW) 


, i = 1,2,... ,n, t>t 0 , Mo e T, 

(1.3) 


where T is an almost periodic time scale. 

Remark 1.1. Letyi(t) = e Xi ®, if T = R, then system (1.3) is reduced to the following system: 

Vi(t) = y i (t)l^a i (t)-b i (t)y i (t-T i (t))+ ^ c u(*) ^~ }’ * = teR, 

(1.4) 

which is a generalization of (II.ip . If T = Z, then system (1.3) is reduced to the following 
system: 


yi(k + 1) = yi(k) exp <J ai(k ) - bi(k)yi(k - nik)) 

yj(k-Sj(k)) 


J2 c h( fc ) 




dij + yj{k - Sj(k )) 


, i = 1, 2,..., t G Z, 


(1.5) 


Zef Tj(/c) = 0, 5j(fc) = 0, t/ien system (1-3) is reduced to system (1.2). 

By the biological meaning, we will focus our discussion on the positive solutions of system 
cm So, it is assumed that the initial condition of system (II.3ft is the form 


Xi(s) = <pi(s) > 0, <pi(t 0 ) > 0, s G [t 0 - 0, to] T , i = l,2,...,n, (1.6) 

where 9 = max{r + ,5 + }, r + = max sup{rj(f)}, r~ = min inf{rj(f)}, <5 + = max sup{^(t)}, 

l<i<n l<i<n tGT l<j><n t€Y 

5~ = min inf{5 ? (t)}. 

l<j<nteT 

For convenience, we denote 


/* = inf |/(t)|, r = sup|/(t)|. 
te t feT 

Throughout this paper, we assume that 

(Hi) ai(t),bi(t),Cij(t), Ti(t), Sj(t ) are all almost periodic functions such that a\ > 0, b\ > 0, 
c\ 3 > 0, t~ > 0 and 5~ > 0; > 1, t — Ti(t ) G T and t — 5j(t ) G T for t G T, 

hJ = 1,2j ^i. 

(Hf) t a = max sup{r A (f)}, 5 A = max sup{<5 A (f)} and 1 — r A > 0, 1 — S A > 0. 

1 <i<n teT ' l<j<n te T 
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To the best of our knowledge, there is no paper published on the permanence, the existence 
and uniqueness of globally attractive almost periodic solutions to systems (11.41) and (11.51) . 
The main purpose of this paper is by establishing some dynamic inequalities on time scales 
to discuss the permanence of system (II.3|) and by using the almost periodic functional hull 
theory on time scales to establish criteria for the existence and uniqueness of globally attractive 
almost periodic solutions of system (II .3[) . 

The paper is organized as follows. In Section 2, we introduce some basic definitions, 
necessary lemmas and establishing some dynamic inequalities on time scales which will be 
used in later sections. In Section 3, we discuss the permanence of system (II.3j) . In Section 4, 
we consider the global attractivity of almost periodic solutions of system (II ,3jl by means of 
Lyapunov functional. In Section 5, some sufficient conditions are obtained for the existence 
of positive almost periodic solutions of system (jl.3[) by use of the almost periodic functional 
hull theory on time scales. The main result in Sections 4 and 5 are illustrated by giving an 
example in Section 6. 

2 Preliminaries 

In this section, we shall recall some basic definitions, lemmas which are used in what 
follows. 

A time scale T is an arbitrary nonempty closed subset of the real numbers, the forward 
and backward jump operators a, p : T — > T and the forward graininess p : T —> K + are 
defined, respectively, by 

a(t) := inf{s 6 T : s > t}, p(t ) := sup{s G T : s < t} and p(t) = a(t ) — t. 

A point t G T is called left-dense if t > infT and p{t) = t, left-scattered if p(t) < t, 
right-dense if t < supT and cr(t) = t, and right-scattered if cr(t) > t. If T has a left-scattered 
maximum m, then T fc = T \ {m}; otherwise T A ' = T. If T has a right-scattered minimum m, 
then Tfc = T \ {m}; otherwise T*. = T. 

A function / : T —)■ K is right-dense continuous provided it is continuous at right-dense 
point in T and its left-side limits exist at left-dense points in T. If / is continuous at each 
right-dense point and each left-dense point, then / is said to be continuous function on T. 

For y : T —>■ K and t G T fc , we define the delta derivative of y(t), y A {t), to be the number 
(if it exists) with the property that for a given £ > 0, there exists a neighborhood U of t such 
that 

|[?/(>W) - 2/0)] - V A 0)00) - s]\ < e\ cr(t) - s\ 

for all .s G U. 

If y is continuous, then y is right-dense continuous, and if y is delta differentiable at t, 
then y is continuous at t. 

Let / be right-dense continuous, if F A (t) = fit), then we define the delta integral by 

f{t)At = F(s) — F(r), r, sGT. 
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Lemma 2.1. f25 J/ Assume /, g : T —>■ M are delta differentiable att eT, then 
(i) (f + g) A (t) = f A (t) + g A (t); 


(**) (fg) A (t) = f A ( t )g( t ) + f a (t)9 A (t) = f(t)g A (t) + f A (t)g a (t); 


(Hi) If g(t)g a (t) 0, then 


f 


f A (t)g(t) - f(t)g A (t) 

g(t)g a (t) 


(iv) If f and f A are continuous, then (f* f(t, s)As) a = f(cr(t),t) + f* f A (t, s)As. 

A function p : T —> R is called regressive provided 1 + g(t)p(t) 0 for all t E T k . The set of 
all regressive and rd-continuous functions p : T —* M will be denoted by IZ = 7£(T) = TZ(T, R). 
We define the set 1Z + = 7^ + (T, R) = {p G IZ : 1 + p(t)p(t) > 0,Vt G T}. 

If r G IZ, then the generalized exponential function e r is defined by 


e r (t, s ) = exp 


^(r)Cr(r))Ar 


for all s, i G T, with the cylinder transformation 

C Log(l + hz) 
ihfz) = \ h 
Z, 


h f0, 
h = 0. 


Let p, q : T —» R be two regressive functions, we define 

p , \ p — q 

p © q = p + q + ppq, Qp = — --, p © q = p © ( Qq) = - -. 

1 + pp 1 + pq 

Then the generalized exponential function has the following properties. 

Lemma 2.2. I25\j Assume that p, q : T —> R are two regressive functions, then 

(i) eo(t, s) = 1 and e p (t,t) = 1; 

(ii) e p (a(t ), s) = (1 + g(t)p(t))e p (t, s); 

(Hi) e p (t, s) = 1/ e p (s, t) = e Qp (s,t); 

(iv) e p (t,s)e p (s,r) = e p (t,r); 

(v) e p (t,s)e q (t,s) = e pWq (t,s); 

(vi) e p (t, s)/e q (t , s) = e peq (t, s); 

( v i) ( 1 ) A = zeM 

\ LH > \ep(t,s)) e°(t,s) 
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Lemma 2.3. IWf Let f : T —* R be a continuously increasing functioii and f(t) > 0 for 
t G T, then 


f A (t) 

Ht) 


< Hfm A < 


f A (t) 

m ■ 


Definition 2.1. Wfj A time scale T is called an almost periodic time scale if 


n = {r G R : t ± r G T, Vt G T} ^ {0}. 


Throughout this paper, E n denotes M n or C n , D denotes an open set in E n or D — E n , 
and S denotes an arbitrary compact subset of D. 

Definition 2.2. [27^ Let T be an almost periodic time scale. A function f G C(T x D, E n ) is 
called an almost periodic function in t E T uniformly for x G D if the e-translation set of f 


E{e,f,S} = {t E n : | f(t + r,x) - f(t,x)\ < e,\/(t,x) e T x S} 


is a relatively dense set in T for all e > 0 and for each compact subset S of D; that is, for 
any given e > 0 and for each compact subset S of D, there exists a constant /(e, S) > 0 such 
that each interval of length l(e, S ) contains a r(e, S) G E{e, f,S} such that 

I f(t + T,x) - f(t,x) I < €,W(t,x) G T X S. 

t is called the e-translation number of f and l(e, S ) is called the inclusion length of E{e, f,S}. 

For convenience, we denote AP(T) = {/:/€ C(T, E n ), / is almost periodic} and 
introduce some notations: let a = {a n } and f3 = {/3 n } be two sequences. Then, fd C a 
means that /3 is a subsequence of a, a + (3 = { a n + /3 n }, —a = {— a n }. a and f3 are common 
subsequences of a' and /T, respectively, which means that a n = ot' n ^ and j3 n = /3' n , k - ) for some 
given function n(k). 

We will introduce the translation operator T, T a f(t,x ) = g(t,x), which means that 
g(t,x) = lim n _j. +00 /(t + a n ,x) and is written only when the limit exists. The mode of 
convergence, for example, pointwise, uniform, and so forth, will be specified at each use of 
the symbol. 

Definition 2.3. Jl7} Let f G C (T x D, E n ), H(f) = {g : T x D — » E n | there exits a G fl 
such that T a f(t,x) = g(t,x ) exists uniformly on T x S'} is called the hull of f. 

Lemma 2.4. }£?}/ If f(t,x ) is almost periodic in t E T uniformly for x G D, then, for any 
g(t,x) G H(f), g{t,x) is almost periodic in t E T uniformly for x G D. 

Lemma 2.5. [27\ I If f(t, x) is almost periodic int E T uniformly for x G D, denote F(t, x) = 
Jq f(s,x)As, then F(t,x ) is almost periodic in t E T uniformly for x E D if and only if 
F(t,x ) is bounded on T x S. 
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Lemma 2.6. [27^ A function f(t,x ) is almost periodic in t E T uniformly for x E D if and 
only if from every pair of sequences a C n, (3 C II one can extract common subsequences 
a C a , /3 C (3 such that 


T a +pf(t, x) = T a Tpf(t,x). 

Lemma 2.7. [27^ A function f(t) is almost periodic if and only if for any sequence {a' n } C II 
there exists a subsequence {a n } C {a n } such that fit + a n ) converges uniformly on t E T as 
n — y oo. Furthermore, the limit function is also almost periodic. 

Consider the following equation 

x A (t) = f(t,x), t E T (2.1) 

and the corresponding hull equation 

x A (t) = g{t,x), t E T, (2.2) 

where / : T x S — * E n , f(t,x ) is almost periodic in t uniformly for x E S, g(t,x ) E H(f). 
Similar to the proof of Theorem 3.2 in [28], one can easily get the following. 

Lemma 2.8. Let f(t, x) 6C(TxS,E") be an almost periodic in t uniformly for x E S. For 
every g(t,x ) E H(f), the hull equation (j2.2j) has a unique solution, then these solutions are 
almost periodic. 

Definition 2.4. Suppose that <p{t) is any solution of (12.ip on T. ip(t) is said to be a strictly 
positive solution on T if for t E T, 

0 < inf tp(t) < supyj(f) < oo. 

iGT tgT 

Lemma 2.9. If each of the hull equations of system (12.ip has a unique strictly positive solu¬ 
tion, then system (12. ip has a unique strictly positive almost periodic solution. 

Proof. Suppose that tp(t) is a strictly positive solution of system (12. 2p . Since / is almost 
periodic in t uniformly for x E S, by Lemma 12.61 for any sequences a! , f3' C II, there exist 
common subsequences a C of , /3 C /T such that T a+ pf(t, x ) = T a Tpf{t, x ) holds uniformly in 
t for x E S, T a+ y(p(t ) and T a Tptp(t) uniformly exist on compact set of T. Then T a+ ptp(t ) and 
T a Tp(p{t) are solutions of the equation 

x A (t ) = T a+ pf(t,x ), t E T, 

which is the common hull equation of system (12.11) . with respect to a and (3, respectively. 
Therefore, we have T a+ pip(t ) = T a Tpip(t), then by Lemma [2761 ip(t) is an almost periodic 
solution of (12.ip . Since a C of C hi and lim a' n = +oo, T a f(t,x ) = g{t,x) exists uniformly 

n—>-oo 

in t ET for x E S. For the sequence a C a', we conclude that T a ip(t) = ijj(t) exists uniformly 
in i 6 T. According to the uniqueness of the solution and T Q ^(t) = ^(t), one obtains that 
ip(t) = if(t). The proof is completed. | 
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Lemma 2.10. 12^ Assume that a G IZ and to G T, if a G IZ + on then e a {t,t 0 ) > 0 for 
all t G T. 

Lemma 2.11. Assume that x(t ) > 0 on T, —6 G 7?. + , b > 0, a, d > 0, t — r(t ) G T, where 
r : T —>■ M + is a rd-continuous function and t = sup{r(f)}. 

teT 

(i) If x A (t) < x a (t){b — ax(t — r(f))) + d for t > t 0 , t 0 G T, with the initial condition 
x{t) = <f{t) > 0 for t G [to — I, 4]t and 0(f o ) > 0, then 

, / \ d fd \ f flog(l — bn)) 

hmsupx(f) < — - + t + x ex P \ -—-? := M, 

t^+oo b \b J { fj, j 

where jl = sup{yu(6 ) )} and x is the unique positive root of x{ax — b) — d = 0. 
eeT 

Especially, if d = 0, then 


M = — exp 
a 


rlog(l - bp,) 


{ii) If x A {t) > x a {t)(b — ax{t — r(t))) + d for t > t 0 , to G T, with the initial condition 
x{t ) = fit) > 0 for t G [t 0 — t , 4]t, </>(4) > 0 and there exists a positive constant N > 0 
such that linr sup^^ x{t) < N < Too, then 

b 

lim inf' x(t) > -e~ aNl m. 

t —^+oo a 


Proof. The proof of (i). It is obviously that there exists a unique positive root of the equation 
x{ax — b) — d = 0. Suppose that lim sup x(t) = +oo. Then there exists a subsequence 

t —I - OO 

{tk} < jf =1 C T with tk — >• Too as k —> +oo such that 

lim x{t k ) = Too, x a {t k ) > x , x A {t)\ t=tk >0, k = 1, 2,- 

k— >-+oo 

Thus, we have 


x a {t k )(b - ax(t k - r(4))) + d>0, 
so 

x(t k -T(t k )) < - fb + f . ] <-(b + '^\=x,k = l,2,.... (2.3) 

a V x {tk) J a\ x J 

Considering the following inequality 

x A {t) < bx a {t) T d , with x(tg) > 0,tg > 4- 
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Noticing that 


[x(t)e- b (t,t* 0 )} A = e- b (t,t* 0 )x A (t) - be- b (t,t* 0 )x a (t) 

= e- b (t,t* 0 )(x A (t) - bx a (t)) 

< de_ b (t,t* 0 ). 

Integrating inequality (12.41) from to t, we have 

e- b (t,t* 0 )x(t) - x(t* 0 ) < f de- b (9,t* 0 )A6 

Jt * 0 

= ~T f [e- b (9,t*)} A A9 
b J t * 0 

then 

x{t) <-^+ 

In view of (12.3j) and (12.51) . we obtain 

x(t k ) < ~ + (^ + x(t k -r(t k ))\e Q (- b) (t k ,t k -T(t k )) 

< -j) + + x je e (_ fe )(4,4 - r(t fc )), k = 1,2,.... 


For every 9 G T, if n(9) — 0, then 

?„(e(-t)) = e(-6) = j _ b mb = 6. 


(2.4) 


(2.5) 


( 2 . 6 ) 


if jj,{9) 7^ 0, then 




m 

Hence, for every 9 G T, we have 

rtk 


l og | 1 i b ^ d ) \ 

s 1 1_M(0) V _ iog(i- bfi(e)) < iog(i -bp) 


m 






^(Q(-b))A9 < max 




bA9, 

r(4) log(l - bji) 

& 


Hk log(l — b/j,) 


A 9 






< - fl0g(1 ~ W , fc — 1,2,... 
h 
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Thus 


e e( _ fe )(4,4 - t( 4)) < ex p <j - rlog ^ 1 —— J>, A; = 1,2,.... 




(2.7) 


It follows from (j2.6[) and (12.7[) that 


^(4) < ^ + x'j exp | - rl ° S ^ —— |> = M, k = 1,2, 


then 


lim sup :r(4) < M. 

k —^-|-oo 


Especially, if d — 0, then x — we can easily know that 


M — — exp 
a 


rlog(l - bn) 

/f 


Hence limsupx(4) < +oo. This contradicts the assumption. 

k— H-oo 

We claim 


lim sup x(t) < M. 

t — I - OO 

Otherwise, 

lim sup x (t) > M , 

t —^ -(-oo 


there exists £ such that x(t) > M + e for any t e T. So we can choose {t k }^ =1 C T such that 
x(t k )>M + e, x a (t k ) > x, x A (t)\ t =t k >0, k — 1,2,.... 

By a similar process as above, we can derive that 


x(t k ) < M, 


which is a contradiction. Hence, our claim holds. 

The proof of (ii). Suppose that lim inf x(t) = 0. Then there exists a subsequence {4}i° C 

t—H-oo 

T with t k —> Too as k —* +cx) such that 

lim x(t k ) = 0, x A (t)\ t=f <0, k = 1,2,.... 

fc-> + CXD R 

We have b — ax(t k — r(t k )) < 0, then x(t k — r(t k )) > 4 For any positive constant £ small 
enough, it follows from limsup t , , ^ x(t) < N that there exists large enough 7\ such that 

x(t) < N + £, t > Ti, 
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then x(t k — x(t k )) < N + £ for t k > T\ + r{t k )- So we have 

x A (t k ) > x a (t k )(b - ax(t k - r(t k ))) + d 

> x a (t k ){b - ax(t k - Tfo))) 

> — a(N + £)x a (t k ), k = 1,2,_ (2.8) 

Considering the following inequality 

x A (t) > —a(N + e)a; fr (t), with xit^) > 0, > t 0 . 

For t > tj$ > to, we have 

®(f) > x(tS)e e ( 0 (jv+e))(t,tS). (2.9) 

From (12.8p and (12.91) . we obtain 

x{t k ) > x(t k - r(t k ))e e ^ N+£ ))(t k ,t k - r(t k )). (2.10) 

For every 6 e T, if fj,(9) = 0, then 

i„(e(a(N + £))) = e(a(JV + £)) = - J + “|^ a ) J ( ) + £ ) = 

if /i(6 l ) ^ 0, then 


C,fj,(Q{a(N + e))) — 


W (l _ ci(N+e)m \ 

1U & l 1 l+fi{0)a(N+e) J 


m 

Hence, for every 0 G T, we have 

r tk 


log(l + a(N + e)/i(6 1 )) 

W) 


> —a(N + £). 


rtk 


tk tk ) 


£n(Q(a(N + e)))A6 > 


! -a{N + e)A6 

tk ^‘{t'k) 

= —a(N + e)r(ffc) 

> — a(lV + e)f, A; = 1,2,..., 


so 


exp 




tk 'r(tk ) 


^(©(a(iV + e))) l A0 > e-^^, k = 1, 2,.... 


Thus 


e e ( a(JV+£ ))(4,4 - t(4)) > e a(Ar+e)r , A: = 1,2,.... (2.11) 

By use of (12.101) and (12.lip , we obtain 

x(t k ) > x{i k - T(t k ))e~< N+ ^ > -e~ a ^\ k = 1 , 2 ,.... 

a 
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Letting £ —> 0, then 


b 

lim inf x(t k ) > —e~ aNr = m, k = 1,2,.... 

k —^-)-oo CL 


Similarly, we can get 


lim inf x(t) > m. 

t —^-)-oo 


The proof of Lemma 12.111 is completed. | 


Similar to the proof of Lemma 12.111 we can easily obtain the following results: 

Lemma 2.12. Assume that x(t) >0 on T, b > 0, a, d > 0, t — r(t) G T. where r(t) : T —> M + 

is a rd-continuous function and I = sup{r(t)}. 

te T 

(i) If x A (t) < x(t){b — ax(t — r(t))) + d for t > t 0 , t 0 G T, with initial condition x{t ) = 
( fi(t ) > 0 for t G [to — r, to]j, 4>(to) > 0, then 

limsupx(f) < — y ^ + x )e br := M, 

t-H-oo b \b J 

where x is the unique positive root of x(ax — b) — d = 0. 

Especially, if d = 0, then 

M = -e bf . 
a 


(ii) If x A (t) > x(t)(b — ax(t — r(t))) + d for t > t 0 , t 0 G T. with initial condition x{t) = 
4>(t) > 0 for t £ [to — T,t 0 ]j, 4>(t 0 ) > 0 and there exists a positive constant N > 0 such 
that limsupj_^ +00 x(t) < N < +oo and —aN G TZ + , then 


lim inf x(t) > — exp 

t >-+00 CL 


t log(l — aNp) 1 

V I ' 


where p = sup{/i(6 1 )}. 

e»eT 

Proof. The proof of (i). Suppose that limsupx(t) = +oo. Then there exists a subsequence 

t —I - OO 

{tk}^ =1 C T with tk —> +oo as k —> +oo such that 

lim x(t k ) = + oo, x(t k ) > x, x A (t)\ t=tk > 0, k = 1,2,.... 

fc—>+OO 

Thus, we have 


x(t k )(b - ax(t k - r(4))) + d > 0, 
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so 


x{t k - r( 4 )) <-(b+ <-(b + ^\ = x, k = 1 , 2 ,.... 


a \ x(t k ) J a\ x 
Considering the following inequality 

x A (t) < bx(t) + d, with x(to) > 0 , > t 0 . 

Noticing that 

[x{t)e eb {t,t*)] A = e eb (a(t),t* 0 )x A (t)-be eb {cr(t),t*)x(t) 
= e eb (a(t),t* 0 )(x A (t)-bx(t)) 

< de eb (t,t* 0 ). 

Integrating inequality (I2.13P from t q to t, we have 


( 2 . 12 ) 


(2.13) 


then 


e eb (t,t* 0 )x(t) - x(t* 0 ) < / de eb (a(r),t* 0 )Ar 

Jt* 

= / [e e 6 (r,t*)] A Ar 

Jtg 

= -^[eeb(t,t*)-1], 


x{t) < ~ + f^ + x(t* 0 ) )e b (t,t* 0 ). 


In view of (I2.12p and f!2.14p . we obtain 


x(t k ) < ~ + + x(t k - r(t k )) ) e b (t k , t k - r( 4 )) 

< ~ +x )e b (t k ,t k -r( 4 )), k = 1 , 2 , 


For every 6 e T, if fi(9) = 0, then 


Mb) = b : 


if fi(6) 7 ^ 0 , then 


Ub) = log(1 + ¥W) < b. 




Hence, for every 9 E T, we have 


r-tk rtk 

/ ^ t (b)A9 < / bAO < br(t k ) < bf, k = 1,2,..., 

'ifc-r(tfc) Jtk-T(tk ) 


(2.14) 


(2.15) 
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so 


Thus 


exp 


f*tk 




Ub) }Ad<e bf , k = 1,2,.... 


e b (tk, t k - r(tk)) < e bT , k = 1 , 2 ,.... 

It follows from (12.15ft and (12.16P that 

x(t k ) < ~ T e 6r = M, k = 1,2,..., 

then 


(2.16) 


limsup x{t k ) < M. 

k —^-(-oo 

Especially, if d — 0, then x = we can easily know that 

M = -e bf . 
a 

Hence limsup x(t k ) < +cx). This contradicts the assumption. 

k— >-+oo 

Similarly, we can get 

limsup x(t) < M. 

t —^-|-oo 

The proof of (ii). Suppose that liminf x(t) = 0. Then there exists a subsequence { tk }i° C 

t —^-)-oo 

T with tk —> Too as k —> Too such that 

lim x(t k ) = 0, x A (t)\ t=t - <0, k = 1,2,.... 

k^+ca K 

We have b — ax(t k — r(tk)) < 0, then x(t k — T(t k )) > K For any positive constant e small 
enough, it follows from limsup t ^. +(JO x(t) < N that there exists large enough T 2 such that 

x(t) < N T £, t > T 2 , 

then x{t k — r{t k )) < N + e for t k > T 2 T r(t k ) and b — a(N T e) < 0. So we have 

x A (t k ) > x(t k )(b - ax(t k - r(t k ))) T d 

> x(t k )(b - ax(t k - r(f fe ))) 

> -a(N + e)x(t k ), k = 1 , 2 ,.... (2.17) 
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Considering the following inequality 


x A (t) > — a(N + e)x(t), with x(tl) >0, t^> t 0 . 


For t > ty > t 0 , we have 

x(t) > x(t*)e_ a(] y +£) (t,t* 0 ). 

From (12.171) and (12.180 . we obtain 

X(t k ) ^ x(t k v(t/ c ))e_ a (7v+e) 

For every d G T, if fi(d) = 0, then 

+ e)) = — a(N + e), 

if / u( 6 l ) 7 ^ 0 , then 

U-a(N + e)) = '° E(1 - a( j + e)m) > ‘° g(1 ~ a C + £ )P) < —a(N + £ ). 


(2.18) 


(2.19) 


/i(0) 

Hence, for every 0 G T, we have 


/i 




tk T {^k) 


a(lV + e))A0 > min 


tk 


-a(N + e)Ad , 

T{tk) ^ tk ' r (tk') 

r(4) log(l - a(iV + e)p) 

P 

> f log(l -a(N + e)p) k = 12 

P 


rtk log(l - a(N + e)n) 


Ad 


P 


so 


exp 


tk 


tk ' r (t] c ') 


£n(~a(N + e)) \Ad > exp 


r log(l - a(N + e)n) 1 

P J 


k — 1,2, 


Thus 

e_ a{ N +£) (tk,t k - r(t k )) > exp 
By use of (12.191) and (12. 20[) . we obtain 


r log(l - a(N + e)h) 


P 


, k = 1 , 2 ,.... (2.20) 


x(t k ) > x(t k - r(t k )) exp 


r log(l - a(N + e)n) | 


P 


> - exp 

a 


Tog(l - a(N + e)(x) 1 

P J 


, k — 1,2,.... 
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Letting £ —> 0, we have 


lim inf x(tk ) > - exp 

k— H-oo a 


t log(l — aN(x) 1 

P J 


m, k = 1, 2,.... 


Similarly, we can get 


lim inf x(t) > m. 

i t — 


The proof of Lemma 12.121 is completed. | 


3 Permanence 

In this section, we will give our main results about the permanence of system (11.3j) . For 
convenience, we introduce the following notations: 


x™ = In 


n u I spn u 

a i ' Z^,j=l,j^i c ij 


b\ 


^ = ln^exp 


exp \ — 

M 


T+ log(l - « + 


r + log(l — b“e x i n) 




h 


, i = 1,2,... ,n, 


where /a = sup{/i(t)}. 

teT 


(H 3 ) a'exp 

1,2,..., n. 


r + log(l— b™e x i fj.) 


> 


b i, -« + X'; e n+ and ~K eX ** e n + , i = 


Lemma 3.1. Assume that (Hi) — ( H 3 ) hold. Let x(t ) = (x 3 (t), X 2 (t)),..., x n (t)) be any 
solution of system (11.31) with initial condition (11.61) . then 

X™ < lim inf Xi(t ) < lim sup Xi(t) < xf 1 , i — 1, 2,..., n. 

t —>+oo t—>+00 

Proof. Let x(t ) = (xi(t), x 2 (t)),... ,x n (t )) be any solution of system (jl.3[) with initial condi¬ 
tion (II.6p . From (11.31) it follows that 


x. 


(t) <<+ £ cV. - i = 1, 2,..., 


n. 


Let IVj(t) = e x< ®, obviously IVj(t) > 0, the above inequality yields that 


[ln(lVj(t))] A < < + c“- - 6{7Vi(i - Ti(i)), i = 1,2,..., n. 
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In view of Lemma 2.4, we have 


lWW)- <+ E -*w>, 

7=1,.7# 


7 = 1 , 7 / 


then 


< Ni(a(t)) 


<+ E <=“ - t'V(i - r.(i)) 

7=1,7/* 

By applying Lemma 2.14, there exists a constant T 0 such that 


, i = 1,2,... ,n. 


^i(t) < 


U * _ ^7 = 1,7/* L ij 

b\ 


exp < — 


r+ log(l - « + E"=uvi 


ft 


for t > T 0 + r + . That is, for 7 = 1,2, 

■< + E?=i, 


limsupxj(i) < In 

t —>-+oo 


r U 

j/* *7 


exp < — 


r+ log(l - « + cV.)^) 


ft 


On the other hand, from (j 1.3 j) it follows that 




?(i) > a ‘- i = 1,2,.... 


n. 


Let iVj(t) = e x *^, obviously Ni(t) > 0, then the above inequality yields that 

[In (Ni(t))] A >a\- b?Ni(t - r^t)). 

In view of Lemma 12.31 we have 

N t A (t) 


Ni(t ) 


> a i~ KNi(t — Ti(t)), 


then 


N?(t) > Ni{t)[a\ - b?Ni(t - nit))], i = 1, 2,..., 77. 


By applying Lemma 12.121 and a\ exp 
that 


T+ log(l — b^e X i f.l) 

A 




> bf, there exists a constant T\ such 


Ni(t) > vy exp 

u i 

for t > Ti + t + . Therefore, 

( q}- 

lim inf X{ (t) > In < — exp 


r + log(l — n) 


ft 


, 7 = 1 , 2 , 


, 77 


t —^ ~("OO 

The proof is complete. 


bf 


r + log(l — fi) 

ft 


= X™, 7 = 1,2,..., 77. 


Theorem 3.1. Assume that (Hi) — (H 3 ) hold, then system (1 1.3 [) with initial condition (II,6|) 
is permanence. 
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4 Global attractivity 


In this section, we will study the global attractivity of system (11.311 . 

Definition 4.1. System (j 1.3 j) is said to be globally attractive if any two positive solutions 
x(t ) = (xi(t),X 2 (t),... ,x n (t)) with initial value <p(s) = (tp±(s),(p 2 (s)... ,(p n (s)) and y(t ) = 
(t/i(t), 2 / 2 (t),..., y n (t)) with initial value if (s) = (/0i(s), ^(s), ■ ■ ■, ip n (s)) of system (11.3(1 sat¬ 
isfy 


lim | Xi(t) -yi(t )| =0, i = l,2,...,n. 


t—> OO 


Theorem 4.1. Assume that (Hi) — (i/ 3 ) hold. Suppose further that 
(Hi) 7 j > 0, where i — 1,2,... ,n, 


li = - 2y(b^ ) 


m 2 + 1](2t + — r ) 


1 — r A 


(cfje x ^ I ) 2 (2p J bfe x i I + 1)(2<5 + — 5 ) UU (2nb'fe x ^ + 1) 

(n .. Z^ 




(dij + e x i ) 4 (1 — S A ) 




(dji +e x ?y 


x 


He x J(r + + 5 + -5 ) e x ? 6“(r + + <5+ - r~) 

1 + ^-—-—-- H- ’ 


l-h A 


1 — T Z 


where x™, x f 1 defined in Lemma HO and // = siip{/i (t) }. 

teT 

Then system (jl.3(1 is globally attractive. 

Proof. Assume that x(t) = (x 1 (t),x 2 (t),... ,x n (t)) and y(t) = (y 1 (t),y 2 (t),... ,y n (t)) are 
any solutions of system (jl.3(1 with the initial values <p(s) = (</?i(s), </? 2 (s), ■ ■ ■, <Pn( s )) an d 
if(s) = (-0i(s), if 2 (s),... ,if n (s)), respectively. In view of system (11.311 . we have 

_ p X j (t~^j (t)) 

x^(t) = ai (t) - bi(t)e Xi d- T dt)) + V)' K;/ ,r ;; (/) i i = l,2,...,n, 


d^ + e x At- s jd))' 


e Vj (t—Sj (t)) 


vHt) = Oi(t) - bi(t) e yd* -At)) + 




, i = 1,2,... ,n, 


then 


(xi(t) - yi (t)) A = -bi(t) [e^-dt)) _ ^(t-n 

e Xj(t-Sj(t)) 


c ij(b ) 


e yj(t-Sj(t)) 


d^ + e x A-t- s At)) da + ew(*-<b(*)) 




= 1,2, ...,n. (4.1) 


Using the mean value theorem, we get 

e xi(t-Ti(t)) _ e 2 n{t-n(t)) _ e Si(?)( x .(t — n(t)) — yi(t — r^t))), 




e Vj (.t—Sj (t)) 


dij + e a J d-Sj (*)) d-'b (*)) (d^ + (*)) 2 


e Vj{t) (A O') 

'* i (t-«5 i (t))-y i (t-«5 i (t))), 
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where &(£) lies between x t (t — Ti(t )) and y,-(t — Ti(t)), r}j(t) lies between Xj(t — 8j(t )) and 
y 3 (t — i, j — 1, 2,... n, i ^ j. Then, by use of (j4.2|) . (14.11) can be written as 


(xi(t) - yi(t)) A = —b i (t)e^ t \x i (t - Ti ) - yi(t - n)) 

e Vj{t) 


y i c ij (f) 




(dij + e^W)2 


(xj(t-Sj) -Vjit-Sj)), i = 1,2, 


n. 


Let Uj(t) = Xj(£) — then 
wf (t) = - bi{t)e ii(t) Ui{t - n(t )) + 
Consider a Lyapunov function 


2^ c h'(*) (j + (* - (*))’ 


1, 2, ... 71. 


v(t) = Y,m, 

1=1 


where 


^(0 — + V^t) + Vi3(t) + Vn(t) + Vi5(t), 


V^i(i) = K(t)|, 

T/ ^ _ (^) 2 We *" + 1 ] 
C 2 CJ —- 


1 — r A 

r M . M r 


|wj(r)| ArAs, 


2r+ J s+t 

,- 5 - 


tij(r)|ArAs, 


T , ^ ^ c ^^r[ 2 / 2 ^ + 1 ] / , 

l3[) ^ (dy + ^Hl-^) J-r+-sJs +t 

, c“e 2 A M 6“(2/i6“e^ M + 1) /" T_ 

v “ (t) - 3 £ k + ^d-^) /— L Mr) ' ArAs - 

= £ (^)y" + D r‘- f‘ 

(<*« + <^) 4 (i - <* a ) J-^J, + , 


then 

< sign«(t))uf(t) 


= sign«(t)) 


71 Vj (t) 

bi(t)e^ Ui (t -Ti(t))+ c h(*) ^ d . e +e v j {t)y u ^ t ~ 


sign«(t))6i(t)e eiW [7ii(t) + ^(t - T;(f)) - Ui(t)] 


19 















^ 1 c ij (t) 


e Vj(t) 


< 


(.dij + e’feW) 2 

6i(t)e ?iW sign«(t))Mj(t) + b\e 


sign (Ui(t))[uj(t) + ujit - Sj(t)) - Uj(t)} 

rt n 

(s)|As + E cl 


6 X i 


n-Ti(t) 




(dij + e x o 


\Uj(t)\ 


-E ■ 

j=hj^l 


g x j 


y 


(dij + eA ) 2 J t -8j(t) 


uf(s)\As 


< 


6 ?: (t)e« iW sign«(t))[<(t) - //(t)uf (i)] + 6“eA M / |«f (s)|As 


E « 


rpM 

e i 


(+ e' 


xf\ 2 \ U 1 


k)i + E 


rpM 

e i 


t T-i (t) 

rt 


a 


< <j - &{e x <*|ui(t) + //(t)tif (t)| + //6“e*“ |uf (t)| + 6V e *i 


u „xy | „, A 


3 {dij + e 


*' ) 2 


u^(s)|As 


t Tj (t) 


l«fW|Aa 


■E 

J=ly¥* 


eA 


c. 


y 


(dij + eA 


m 


k)i + E 


rpM 

e i 


c 


y 


< <! - 6{e x ?‘K(i)| + 2jS6|*e x " |uf (t)| + V}e x * 


j=l,j¥=i 

M-iFl-.A'-' 1 ’ "■ ~ M 


(dij + eA ) 2 JtSjit) 


«?(»)|A » 


-E ■ 

j=\j+l 


£ X j 


(d^ + e 1 




f(^)l + E 


h-Ti{t) 

g X j 


\uHs)\As 


3 (dij + e 


< 


6{e x ?‘|« i (i)| + 2jS6Ve x " 


j=l,j^i 
bi(t)e^ Ui (t - Ti(t )) 


a ) 2 


tifWIAa 


^ ] c y (^) 

j=iy¥* 


e J hd) 


(dij + e’feW) 2 




+ &re 2 


h-Ti(t) 


l«f(s)|A S 


E 


rpM 

eA 


'y 


u 


k)i + E 


e o 


rt 


i=1 ,^ {^j + - 4^ {dij + e*> ) 2 •/*-*(«) 

r n 

< r?6!e^Mt)|+2A(6?e*f') a Mt-T i (t))|+ £ 


2j2b^cle x i r e x ^ 


+b“e x * 


rt n 

/ k A (s)|As+ E 


eA 


'y 


j=l,j^i 


(d^ + e' 


- l'Uj(t) | 


(d^ + eA ) 2 


uf (s)|As 


E 

l 


T M 

eA 


c. 


y 


(k + eA ) 2 


«?(*)! As 


< <! -6ie x in«i(i)|+2jS(6Ve x “) :i |« i (i)|+2jS(61‘eA ) 2 


h-Ti(t) 


|wf (s)|As + 6“e Xi 
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X 


h-Ti(t) 


K a (s)|As+ 




2fibyc“ j e x ™ e x ? 
(dij + ^) 2 


e i 


u 


i(*)l + E C «7T~ - 

A* ^ +e> 


u 


i(t) I 


.M „M 


2jj,b^c^e x i e x i 


JL (4 + e*") 2 •/<-«,«> 


pt n 

/ l«f(s)|As+ ^ 


e x i 


c 


ij 


j=l,j^i 


(dij + e*?)* Jts: 


(t) 


<(s)\As 


< | - ^M*)| + 2/2(6?e^) 2 K(#)| + [20(&?e** M ) 2 + ] / |«f(s)|A* 


t-Ti(t) 


h v -« 


c“,eA (2/i6^ M + 1) 


(<ijj + e 


"\2 


m 


r(f)l+ V 

j=l,jj£i 


c“eA (2/j,bfe x i* + 1) f* 


(dij + 


X"\2 


e j 


/ t—Sj (t) 


uf(s)\As 


< 


b\e x *'\ Ui (t) \ + 2jS(6Ve x ") 2 |« i (i)| + b^[2fib^e x ^ + 1] 


A 

j=l,j^l 


c■ • ( s') 

lA ’ upis-Sjis)) 


(dij 


s )\2 


n 


t—Ti(t) 

ST>Uj a / •lukll ^,X 

ArS + ^ ((/•• + eA m ) 2 

j=UVi ^ + 6 j 


- &j(s)e ?i(s) u*(s - Tj(s)) 


c“ eA (2 jib^e Xi + 1) 




” c“.eA M (2^e^ + l) f 1 

(^+ eX ”) 2 Jt-w 

/ „xT 


- 6j(s)e^' (s) «j(s - Tj(t)) 


< - &-e^|^(t)| + 2fi(b?e x t ) 2 \ui(t)\ + (6V e *i + 1] 

cfp e x ¥ by [2fib™ e*? 1 + 1 ] r* 


J t—Ti(t) 


-E 


K(s - Tj(s))|As 
c“-eA ¥ (2/Z6“e^ M + 1) 


(tZ ii + e*r) 2 


I \ u j( s ^i( s ))|As+ m 

t-ri(t) i= l“W (dij + e>) 2 


x it 


^ ^b% 2 m^ + 1 ) r , , 

(*)l+ ^ -/ K( s -a(*))I As 

J=1J# 

M so/ _ ... „M 


(dy + e*”) 2 

c“eA M ) 2 ( 2 / 26 “e a: * M + 1) f* 


11—5j ( t ) 


(dij + eA 


/ t—Sj(t) 


Ui(s - 5j(t))|As 


< 


(bye x i* ) 2 [2/Z6“e x i f + 1] 


6{e a '?‘K(i)| + 2jS(6?e a: ") 2 K(i)| + 


E 


c^e^i 1 bye x i* [2 /ibye^ 1 + 1] 


r-<5~ 


1=1 jA* 

n -- ~ M 

H? 


(^ + eA m ) 2 (l-5A) 


/ —r+— <5+ 


1 — T Z 


|w,-(s + £)|As 


M; S 


f —2r+ 


+1) | A.‘ 


A 


c“,eA M (2^e^ + 1) 


(dij + e a 


m 


. A c“-e 2l . M 6«(2p6«e>" + 1) ” 

j= T^i + e J )^( 1 - T ) ^-r+-5+ 


|uj(s + t)|As 


21 



vk (c%e x 3 ) 2 (2+ 1) f 5 

- > — - m / - t—^ / k (s + t) As, 

; Z -, / (k + e x ?) 4 (l — S A ) J. 25+ ' A 


(4.3) 


0*Vi(t) = ) 2 I 2 ^' + ^ / T [|„ i (()| - !«,(( + s )|]Ao 


1 — T 

r M\9r A _j„ ~M 


I —2r+ 


ke 3 ^ ) 2 [2/k e3:i +i](2 r + — r ) 

1 — t a 

(6“e^) 2 [2kk^ + 1] f 


Ui(t )| 


1 — r A 


J> + vtf( t) = E 4 :Jt 11 r [W‘)I-W* + .)I]A. 

(k + e o (! - 5 ) 2-T+-.5+ 


k(£ + s)|As, 


(4.4) 


* —2r+ 
„M 


c“-e x ^ [2//6“e x i“ + 1] (t + + <5+ ~ <5 ) 

-Faa -Kkl 


(k + e*k 2 (l - ^ A ) 


” c^bfe^ppbte*? +1] 

”(k + e*“) 2 (l-5 A ) 


r—5“ 


! — r+—<5+ 


|uj(i + s)|As, 


[Wj(t)\ - \uj(t + s)|]As 


n+T/A m _ v +1) f r ~ 

U i 7k, (dij + e*™) 2 ( 1 — t a ) J-T+-6+ 

c^ j e 2x ^b](2flb^e x f 4 + 1)(t+ + <5+ -t“), 

“kkk (k + ^) 2 (1 - r A ) |U, ' UI 

^ ke 2 A M ^(2kk^ + l), „ , , IA 

k- (^ + ^) s (i-^) w +<)l ’ 

„ +t ,a^ ^ (kek) 2 (2/^ + 1) r 5 "n „„ , \n a 

^k/ i5 (t)= ^ xm ——— [Mi)|-k(i + s)|]As 

j T7/- (k + e j ) 4 ( 1 - 6 ) 2-25+ 


(c^ eX i ) 2 (2^e x ™+ l)(25 + -5 ) 

Z. - /, . —txt -M*)l 




- E 


{c^e x ^) 2 {2ijb^e x i 1 + 1) f Si 


Ui(t + s)|As 


(k + e*n 4 (l - 5 A) 

In view of (14. 3 p — (14.7f) . we can obtain 
D + Vf(t) 

= D+V£(t) + D*V£(t) + D+Vi(t ) + D+Vtf («) + £>n^(«) 

< { -ti€TM«)| +w«<)*M«)|+ 2 c5 k 2 kl +1) feWI 


j=l,j^i 


(du + e x ‘ ) 2 


(4.5) 


(4,6) 


(4.7) 
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(6^e x ^ f ) 2 [2/i6“e a: ^ f + 1](2r + — r ) 


1 — r z 




- E 

j=l,j¥=i 


c^e x ^ [2/i6“e a: * M + l](r + + <5 + — <5 ) 


(dij + e*?) 2 (1-<5 A ) 




!E c“-e 2a ^6“( 2/j,b^e x i i + l)(r + + <5 + — r ) 


- E r ” 


(dij + e^)2(i _ r A) 




- E '" 3 

j=i,j& 


{<■])( ,J ' ? ) 2 (2////V x <* + 1)(25+ - 5") 




«i(*)| 


b\e*<'-2me* r r- 


m 2 (6^e x **) 2 [2/i&“e x ^ + l](2r + — r ) 


1 — r z 


- E 

j=l,j^i 


(c“,e x f ) 2 (2/^e x « M + l)(25+ - 5") 


M,:(t)| + 


- E "’ 3 

j=l,j& 


{dij + e^ m )4(i _ JA } 

c“-e x ^ 6“e x ^ [2/Z&“e x i* + l](r + + 5 + — <5 _ ) 


E "‘ 3 

L i=iJ# 


c“-e x j (2/z6“e x * M + 1) 


{dij + e 2 


(c% + e^) 2 (l-5A) 


- E " 3 


c™je 2x i bj{2nbie x i + l)(r + + 5 + —r ) 


{d^ + e x ?) 2 (l — t a ) 


M*)l 


N ^ -2/x(6V e *i ) 2 - 


m 2 (6“e x ^) 2 [2/x6“e x ^ + l](2r + —r ) 


1 — r z 


ZZ (c“e x j ) 2 (2 nbie Xi + l)(2<5 + -<5 ) ZZ (2/i6“e^' + 1) 

Z^ EE. _ aa \ Z^ 


K-+ e x 0 4 (l - ^ A ) 


j=l,j^i v J 3 v 3 j=l,j^i 

Cjie x ** bje x ¥ [2jJb l -e x ¥ + l](r + + <5 + — <5“) 


Ki + e-r)^ 


- E 


- E ~ 3 ' 


{dji + e x ?) 2 {l-5 A ) 

CjiC 2 ^ 1 bi{2p,b’je x ^ + l)(r + + 5 + — r~) 


K(ZI 


l„xV 


b-e' 


2 n{b^e 


{dji + e^) 2 (l - r A ) 
m 2 (6“e x < f ) 2 [2/i6“e x i f + l](2r + — r" 


1 — r z 


” (c“ e^ M ) 2 {2fib^e x i I + 1)(25 + - <5 ) ZZ c^e x ^(2/x6“e x ^ + 1) 

Z^ EE" ^run _ aa\ Z^ - 


„ hMi (d„ + <?7n 1-n ^ (4< + e’") 2 

&“e x Z (r + + <5+ - <5") e x i J W{t + + S + - t~) 

x|l + --^-rr-- + — lV 7 


1~6 A 


1 — r A 


MZI 




(4.8) 
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From (14.8p . we get 


n 


D + V A (t) <^-7ik(i)|, te T, 

i =1 

then 

D + V A (t) <0, te T 

and hence 


V[t) < V(to), t > to, to € T. 
By use of (l4~8j) and (Oil , we have 



7i|ui(s)|As < V{t 0 ) - V(t), t > t 0 , t 0 e TT, 


1, 2, ... 77,. 


Consequently, 


(4.9) 


|wj(s)|As < oo, to ^ T 
and Ui(t) — Xi(t) — y^t) —> 0 for t —> oo, i — 1, 2, ... n. This completes the proof. 


'to 


5 Almost periodic solutions 

In this section, we investigate the existence and uniqueness of almost periodic solutions 
of system (11.31) by use of the almost periodic functional hull theory on time scales. 

Let {s p } C II be any sequence such that s p —* +oo as p —* +oo. According to Lemma 
2.9, taking a subsequence if necessary, we have 


a,(t + s p ) —» a*(t), bi(t + s p ) —> b*(t), c^(t + s p ) —> cL(t), 

Ti(t + s p ) —> T* (t), 5j(t + Sp) —> 5j(t), p —> +oo, 

for t e T, i, j — 1, 2,..., n, i ^ j. Then, we get the hull equations of system (1.3) as follows: 

o x i (t—Sj (t)) 






dij + e x ^ {t)) 


, i — 1,2,... ,n. (5.1) 


By use of the almost periodic theory on time scales and Lemma 12.71 it is easy to obtain 
the following lemma. 

Lemma 5.1. If system (1 1.3 1) satisfies (Hi)-(Hf), then the hull equations (15. ip also satisfies 

m-m. 
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Theorem 5.1. Assume that (Hi)-(Hf) hold, then system (j 1.3 1) exists a unique strictly positive 
almost periodic solution. 

Proof. By Lemma 12.91 in order to prove the existence of a unique strictly positive almost 
periodic solution of system (II.3D . we only need to prove that each hull equations of system 
(II.3p has a unique strictly positive solution. 

Firstly, we prove the existence of a strictly positive solution of hull equations (15. ip . By the 
almost periodicity of a.j(f),6j(f) and Cij(t),i,j = 1,2 j- j, for an arbitrary sequence 
u = {uj p } C II with u p —> Too as p —> Too, we have, for i, j = 1, 2,..., n, i ^ j, 

a*{t T Up) -T a*(t), b*(t T u p ) -T b*(t), c*j(t T u p ) —> c*j(t ) 
r*(t T Up) —> r*(t ), 6 *(t T u p ) —> Sj(t), p —> Too. 

Suppose that x{t ) = (x\(t ), x 2 (t ),... ,x n (t)) is any solution of hull equations (15.11) . Let e be 
an arbitrary small positive number. Since (H i) — ( H 3 ) hold, by the proof of Lemma 3.1, then 
there exists a t\ G T(ti > t 0 ) such that 

X™ — e < Xi(t) < xf 4 T e, for t > t\, i — 1, 2,..., n. 


Write Xip{t ) = Xi(t T u p ) for t > fi, p — 1, 2, ..., i — 1, 2, ..., n. For any positive integer q, it 
is easy to see that there exist sequences {xi P (t) : p > q} such that the sequences {xi P (t)} has 
subsequences, denoted by {x ip (t)} again, converging on any finite interval of T as p —> Too, 
respectively. Thus we have sequences {yft)} such that 

Xi P (t) —> yi{t ), for t £ T, as p —> Too, i — 1, 2,..., n. 


Since 


~ a i (t + Up) — b* ( t T Up)e x ^ t+Up T d t+a, p)) + ^ c *.(t 4 - Up) — 


gXj (t+LJp—Sj (t.+UJ p )) 

d _4 e Xj{t+u v -5.j(t+L0 v )) ’ 


by use of Lemma 3.5 in [2YJ, we have 

n 

vHt) = + E 


(kj + e w(t “9 (t)) 


, i = 1,2,... ,n. 


We can easily see that |/(t) = (yi(t), y 2 (t ),..., y n {t )) is a solution of system (15. ip and x™ 1 — e < 
Vi(t) < xf 1 T e for f e T, f = 1,2,... , 71 . Since e is an arbitrary small positive number, it 
follows that x™ < yff) < xf 1 for t e T, i — 1, 2,..., n, which implies that each of the hull 
equations (15.ip has at least one strictly positive solution. 

Now, we prove the uniqueness of the strictly positive solution of each of the hull equations 
(15.11) . Suppose that the hull equations (15.11) have two arbitrary strictly positive solutions 
x*(t) = (xl(t),x*(t),...,x* n (t)) and y*(t) = (yf(t), y* 2 (t),..., y*(t)). Let u*(t) = x*(t)-y*(t), 
i — 1, 2,..., n. Consider a Lyapunov function 


no = !><’(«). 

i= 1 
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where 


v-(t) = KM + KM + KM + KM + KM, 


KM = K«l, 


v‘M = 


{b^e x i ) 2 [2 iib^e x i + 1] 


1 — t a 

r.M 1n , „M r 


' / |w*(r)|ArAs, 

—2r+ J s+t 

M ■ —5- r t 


" + 1 ] 
l3U (4 + eA-) 2 (l-5A) 

= A + 1) I 

i4U ^ K + e^) 2 (l-r A ) J- T+ -s + Js + r ] 


■u*(r)|ArAs, 


, j 

—r+—6+ «/s+£ 
r — 

■u*(r)|ArAs, 


vsm = E 


(cV. e *f) 2 ( 2 / 26 “e^ M + 1) r s ~ P 

^ (d ii + e*r)4(i_ < yA ) J_ 25+ J g+t 

Similar to the proof of Theorem 4.1, we have 


|'U*(r)|ArAs, 


D+(V) A (t) < -EtiKWI- 


2=1 


From (15.21) . we get 


and hence 


D + (C*) A (t) <0, feT, 


C*(t) > V*(to), t < to, to e T. 


Then we have 


fto 


7 iK(s)|As < V*(f 0 ) - v*(t), f < t 0 , to e T, i = 1,2,.. .n. 


Consequently, 


'■*0 


|m*(s)|As < oo, t 0 G T, 


and u*(t) = x*(t) — y*(t ) —* 0 for t —* —oo, i = 1, 2,... n. 
For i — 1, 2,..., n, let 


Pi — 1 + 


(&“e< J ) 2 [2ph“e< + l](2r+) 2 




E 


c“-eA ¥ 6“e x * M [2/i6“e^ M + l](r + + <5 + ) 5 


(dii + eA )2(i - 5A) 


(5.2) 
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(c^e x ^ ) 2 (2/j,b^e x i 1 + 1)(2<5 + ) 2 


" Cye 2x ^b'j(2fib^e x i I + 1)(t + + <5 + ) 2 " v ~ ir 

4^, (4 + e^)2(i_ T A) .2^ ( dij + e^)4(i _ 5 A } 


(4 + e^)2(i_ T A ) 

For arbitrary e > 0, there exists a positive integer Ah such that 


k*0) — S/i (^)l < pr, Vt < - A 'i. i = l,2,...n. 


Hence, for i, j = 1, 2,... n with i ^ j, one has 

VS (t) < E vt < -Ah, 

■M, 


/ (6“e a! ") 2 [ 2 Ai6?e a! " + i]( 2 T + ) 2 e w+ ^ ^ 

VAC <-i-zx-77> Vt < -A-i, 


w)< E 


c^-eV b^e^ 1 [2fj,by , e x i l + 1 ](r + + <f + ) 5 


1 - r A Pj 

M,„. „M „M 


(dii + e Xj ) 2 (1 - h A ) 


Pi 


Vt < -Ah, 


4 c“e-r^(2^ + l)(r + + n 2 e w _ 
-(d« + «T)’(l-T-)-- W *= “ Al - 


Pi 


^ (cr4“) 2 (2^re< J +l)(2h+) 2 

i5() ,4,, (^• + e^)4(i_hA ) 

which imply that 

V*(t) < e, Vt < -Ah. 


Vt < -Ah, 


So, 


lim H*(t) = 0. 

t—> — OO 


Note that H*(t) is a nonincreasing nonnegative function on T, and that V*(t) = 0. That is 

x*(t) = y* (t), teT,i = l,2,...,n. 


Therefore, each of the hull equations (15. ip has a unique strictly positive solution. In view of 
the previous discussion, any of the hull equations (15.11) has a unique strictly positive solution. 
By Lemma 12.91 system (11.31) has a unique strictly positive almost periodic solution. The proof 
is completed. | 


6 An example 


Consider the following multispecies Lotka-Volterra mutualism system with time delays on 
almost periodic time scale T: 

2 e Xj(t-6j(t)) 

x ?(t) = <*) ~ bi(t)e Xi(t - Ti {t)) + E c ^ E r + e^V-VV)) ’ * = 2 ’ f e T ' t 6 ' 1 ) 

3= lj'V* V 


27 
















Example 6.1. When we take T = M, then /i{t) = 0. Let 


then 


ai(t) = 0.7 — 0.02sin(v / 2t), a 2 {t) = 0.61 — 0.02sin(v / 3t), 

b^t) = 0.58 - 0.01 cos (V2t), b 2 (t) = 0.55 - 0.01 sin(^2t), 
Ti(t) = 0.003 — 0.001 cos t, r 2 (t) = 0.002 + 0.001 sin t, 

5i (t) = 0.004- 0.002 cost, S 2 (t) = 0.002, 

0.06 + 0.05 sin(2t) 0.005 + 0.005 cos(V5 1) 


( C ij(t)) 2x2 — 


0.15 + 0.02 cos(v / 3t) 0.08 + 0.02 sin (y/2t) 

(dij) 2x2 = 


1.2 

1 


1 

1.1 


< = 0.72, a[ = 0.68, a“ = 0.63, a l 2 = 0.59, b) = 0.59, b\ = 0.57, 
b\ = 0.56, b\ = 0.54, = 0.11, c u l2 = 0.01, c“ x = 0.17, c“ 2 = 0.1. 


r 


+ = 0.004, t~ = 0.001, <5+ = 0.006, 5" = 0.002, 


t a = max sup{r-(t)} = 0.001, 5 A = max sup{5'(t)} = 0.002. 


1<*<2 tgR 


i<i<2 tm 


By calculating, we have 


xf = ln ^ 


al + c? 2 


--exp{« + c u 12 )t + \ l « 0.250, x™ = In \ T+ 

b\ J l bf 


x? = In 


a 2 4 “ C 21 


y ~ 1 exp{(a 2 + c 21 )r + } j> ~ 0.396, x™ = In <J ++ b % e 2 T+ 


0.139, 

0.052, 


then 


7 i ~ 0.604 >0, 72 ~ 0.527 > 0. 

Thus, (H i) — (7/ 4 ) are satisfied. According to Theorems 3.1, Theorem f.2 and Theorem 5.1, 
system (6.1) has an unique almost periodic solution, which is globally attractive. 

Example 6.2. When we take T = Z, then //(£) = 1. Let 

ai(t) = 0.3 — 0.02sin(v / 2t), a 2 (t) = 0.25 — 0.02sin(\/3t), 

h(t) = 0.27, Mt) = 0.22, n(() = 2+ 1 )~ 1) ‘ , r 2 (t) = 0.001, 

m = 3 + Q ( oo 1)1 , h { t ) = 0.002, 

( 0.03 +0.02 sin(2t) 0.01 + 0.01 cos(75t) \ 

V 0.006 + 0.004 cos (VSt) 0.08 + 0.02 sin(^ 2 t) J ’ 


( C ij(t)) 2x2 — 



then 


1.2 1 
1 1.1 


{dij) 


2x2 — 


< = 0.32, a\ = 0.28, a% = 0.27, a l 2 = 0.23, b\ = b[ = 0.27, 

b u 2 =b l 2 = 0.22, c“ = 0.05, c“ 2 = 0.02, c“ = 0.01, c“ 2 = 0.1, 

r+ = 0.003, r~ = 0.001, h + = 0.004, S~ = 0.002, 

r A = max sup {A rfit)} = 0.002, S A = max supjAfT,^)} = 0.002. 
1<*<2 l < j <2 teZ 

By calculating, we have 

xf = In | — j Cl2 exp{—r + log(l - (a" + c? 2 ))} j ^ 0.232, 

xfi = ln|^exp|r + log(l -6?e*")|| ~ 0.035, 
x m ln exp{ _ r+log(1 _ {a u + c « i))} | w 0.242, 

x™ = In 1exp |r + log(l - 6“e x ") 11 « 0.044, 


7 i « 0.041 >0, 72 ~ 0.059 > 0. 


Thus, are satisfied. According to Theorems 17.11 Theorem \fil\ and Theorem 15.11 


system (16.ip has an unique almost periodic solution, which is globally attractive. 
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